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Basic definitions

Naming and describing sets

°
°
o Comparison relations on sets
@ Set operations

°

Principle of Inclusion/Exclusion
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@ Set: a collection of objects (the members or elements of
the set)
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Set: a collection of objects (the members or elements of

the set)
Set-lister notation: curly braces around a list of the
elements
e {a,b,c,d, e, f}
e {Arizona, California, Massachusetts, 42,47}
A set may contain other sets as elements:

{1.2,01,2))

The empty set 0 = {} contains no elements
Can use variables (usually upper case letters) to denote
sets

C=1{b,c,d,f,g h,jk,l,mn,p,q,r,s,tv,wxy,z|

Universal set (generally denoted U): contains all elements
we might ever consider (only consider what matters)
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Enumerating the elements of a set

@ Order doesn’t matter

{1,2,3}=1{3,1, 2}
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Enumerating the elements of a set

@ Order doesn’t matter

{1,2,3}=1{3,1, 2}

@ Repetitions don’t count
{a,b,b} ={a, b}

(better yet: don't repeat items in a listing of elements)
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Element notation

If A is a set, then
@ x € A means “xis an element of A”

@ x Z A means “x is not an element of A”
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Element notation

If A is a set, then
@ x € A means “xis an element of A”

@ x Z A means “x is not an element of A”
So

e ecf{a,e,i,ou}

e fe{a,e,i,o,u}
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Some well-known sets

@ Pretty much standard notations:
e N={0,1,2,3,4,5,...}: the set of natural numbers
(non-negative integers).
e Z={...-3,-2,-1,0,1,2,...}: the set of all integers.
e Q: the set of all rational numbers (fractions).
o [R: the set of all real numbers.
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Some well-known sets

@ Pretty much standard notations:
e N={0,1,2,3,4,5,...}: the set of natural numbers
(non-negative integers).
e Z={...-3,-2,-1,0,1,2,...}: the set of all integers.
e Q: the set of all rational numbers (fractions).
o [R: the set of all real numbers.

@ Less standard (but useful) notations:

e ZT is the set of positive integers.

e Z is the set of negative integers.

o 720 is the same as N.

o R>/ is the set of all real numbers greater than seven.
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Set builder notation

Rather than listing all the elements
N={0,1,2,3,4,5,...}
(inconvenient or essentially impossible), describe sets via a

property
A ={x:p(x)istrue}
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Set builder notation

Rather than listing all the elements
N={0,1,2,3,4,5,...}

(inconvenient or essentially impossible), describe sets via a

property
A ={x:p(x)istrue}
Examples:
N={x|xeZandx >0}
N={x:xeZandx >0}
N={xeZ|x>0}
N={xeZ:x>0}
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Set builder notation (cont’d)

More examples:

{(xeQ:2x=7}=
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More examples:

{(xe@Q:2x=7}={3.5}

Arthur G. Werschulz 8/31



Set builder notation (cont’d)

More examples:

{(xe@Q:2x=7}={3.5}
{(xeZ:2x=7}=

Arthur G. Werschulz 8/31



Set builder notation (cont’d)

More examples:

{(xe@Q:2x=7}={3.5}
(x€eZ:2x=7}=10
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Set builder notation (cont’d)

More examples:

{(xe@Q:2x=7}={3.5}
(x€eZ:2x=7}=10
{2x| xezZ} =
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Set builder notation (cont’d)

More examples:

{xeQ:2x=7}={3.5}
(x€eZ:2x=7}=10
(2x| xez}={...,-4,-2,0,2,4,...}
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Set builder notation (cont’d)

More examples:

{xeQ:2x=7}={3.5}
(x€eZ:2x=7}=10
(2x| xez}={...,-4,-2,0,2,4,...}
1
}
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Set builder notation (cont’d)

More examples:

{(xe@Q:2x=7}={3.5}
(x€eZ:2x=7}=10

{2x| xez}={...,-4,-2,0,2,4,...}
(xeN:1xez)=1{0,36,09,...
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Set builder notation (cont’d)

More examples:

{(xe@Q:2x=7}={3.5}
(x€eZ:2x=7}=10
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Set builder notation (cont’d)

More examples:
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Set builder notation (cont’d)

More examples:

{(xe@Q:2x=7}={3.5}
(x€eZ:2x=7}=10
{2x| xez}={...,-4,-2,0,2,4,...}
[xeN: 3)er} (0,3,6,9,...}
(x e RZ0: x2 =2} = (V2}
(xe Q0 . x2=2)=
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Set builder notation (cont’d)

More examples:

{xeQ:2x=7}={3.5}
(x€eZ:2x=7}=10
(2x| xez}={...,-4,-2,0,2,4,...}
[xeN: 3)er} (0,3,6,9,...)
{xeRZ0: x? —2} (V2)
(xe@Q*0:x2=2)=0

Arthur G. Werschulz 8/31



Comparison relations on sets

e Ais a subset of B (written “A C B”) if each element of A is
also an element of B.
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also an element of B.
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Comparison relations on sets

e Ais a subset of B (written “A C B”) if each element of A is
also an element of B.
e {1,3,5}C{1,2,3,4,5}
e {1,2,3,4,5} C{1,2,3,4,5}
o {1,3,6}2(1,2,3,4,5)
o ACAforanysetA
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Comparison relations on sets

e Ais a subset of B (written “A C B”) if each element of A is
also an element of B.
e {1,3,5}C{1,2,3,4,5}
e {1,2,3,4,5} C{1,2,3,4,5}
o {1,3,6}2(1,2,3,4,5)
o ACAforanysetA
e DCAforanysetA

e A is a proper subset of B (written “A C B”)if AC B and
A =B.

o {1,3,5}c{1,2,3,4,5)
0 {1,2,3,4,5)2{1,2,3,4,5}

@ C vs. Cissomewhat like < vs. <
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Element vs. subset

@ € means “is an element of”
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Element vs. subset

@ € means “is an element of”
@ C means “is a subset of”

ACB means if xe AthenxeB

o Examples: Let
A = {purple, blue, orange, red} and B = {blue}.

Fill in the missing symbol from the set {€,¢,C,C, Z, =, #} to
correctly complete each of the following statements:
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ACB means if xe AthenxeB
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Element vs. subset

@ € means “is an element of”
@ C means “is a subset of”

ACB means if xe AthenxeB

o Examples: Let
A = {purple, blue, orange, red} and B = {blue}.
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Element vs. subset

@ € means “is an element of”
@ C means “is a subset of”

ACB means if xe AthenxeB

o Examples: Let

A = {purple, blue, orange, red}

and B = {blue}.

Fill in the missing symbol from the set {€,¢,C,C, Z, =, #} to
correctly complete each of the following statements:

B__ A

blue A

green ____ A
A__A
{blue,purple} ___ B

¢,C,C#
€<=

&<,
g) g,:
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Element vs. subset

@ € means “is an element of”
@ C means “is a subset of”

ACB means if xe AthenxeB

o Examples: Let
A = {purple, blue, orange, red} and B = {blue}.

Fill in the missing symbol from the set {€,¢,C,C, Z, =, #} to
correctly complete each of the following statements:

B___ A ¢C,C#
blue ____ A e, Z,+
green ____ A &,<Z,+
A__A Z,C,=
{blue,purple} ___ B Z,Z,+
A__B
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Element vs. subset

@ € means “is an element of”
@ C means “is a subset of”

ACB means if xe AthenxeB

o Examples: Let
A = {purple, blue, orange, red} and B = {blue}.

Fill in the missing symbol from the set {€,¢,C,C, Z, =, #} to
correctly complete each of the following statements:

B___ A ¢C,C#
blue ____ A e, Z,+
green ____ A &,<Z,+
A__A Z,C,=
{blue,purple} ___ B Z,Z,+
A__B z,Z,2
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Venn Diagram

Diagram for visualizing sets and set operations

When necessary, indicate universal set via rectangle
surrounding the set circles.

Arthur G. Werschulz
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Venn Diagram (cont’d)

¢

For example, might have

A = {Fordham students who've taken CISC 1100}
B = {Fordham students who've taken CISC 1600}
C = {Fordham students who've taken ECON 1100}

Arthur G. Werschulz
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Set operations: Cardinality

The number of elements in a set is called its cardinality.
We denote the cardinality of S by |S]|.
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Set operations: Cardinality

The number of elements in a set is called its cardinality.
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Set operations: Cardinality

The number of elements in a set is called its cardinality.
We denote the cardinality of S by |S]|.

o LetA={a,b,c,d e z}. Then|A|=6.
e |{a,e,i,o,ul|=5.

e |0|=0.

o |{a,{b,c}, d,{e,f gl hll=
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Set operations: Cardinality

The number of elements in a set is called its cardinality.
We denote the cardinality of S by |S]|.

o LetA={a,b,c,d e z}. Then|A|=6.
e |{a,e,i,o,ul|=5.

e |0|=0.

e |{a,{b,c},d,{e,f g}, h}|=5.
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Set operations: Union

Set of all elements belonging to either of two given sets:

AUB={x:xe€A orxeB}

Arthur G. Werschulz 14/31



Set operations: Union (examples)

Let
A=1{1,273,4,5}
B=1{0,2,4,6,8}
C=1{0,5,10,15}
Then

AUB =
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Set operations: Union (examples)

Let
A=1{1,273,4,5}
B=1{0,2,4,6,8}
C=1{0,5,10,15}
Then

AUB={0,1,2,3,4,5,6,8)

BUA ={0,1,2,3,4,5,6,8)

BuUC={0,2,4,5,6,8,10,15)
(AUB)UC =
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Set operations: Union (examples)

Let
A=1{1,273,4,5}
B=1{0,2,4,6,8}
C=1{0,5,10,15}
Then
AuUuB=1{0,1,23,4,5,6,8}
BUA ={0,1,2,3,4,5,6,8}
BuC=1{0,2,45,6,8,10,15}
(AuB)UC={0,1,2,3,4,5,6,8,10,15}
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Set operations: Union (examples)

Let
=1{1,2,3,4,5}

A
B =10,2,4,6,8)
C =10,5,10,15}

Then
AuUuB=1{0,1,23,4,5,6,8}

{
BUA={0,1,23,4,5,6,8)
BUC =1{0,2,4,5,6,8,10,15)
(AUB)UC =10,1,2,3,4,5,6,8,10, 15}

Let
={e,g,b,d,f}

L
S={f,a,c,e}

Then
LUS =
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Set operations: Union (examples)

Let
=1{1,2,3,4,5}

A
B =10,2,4,6,8)
C =10,5,10,15}

Then
AuUuB=1{0,1,23,4,5,6,8}

{
BUA={0,1,23,4,5,6,8)
BUC =1{0,2,4,5,6,8,10,15)
(AUB)UC =10,1,2,3,4,5,6,8,10, 15}

Let
={e,g,b,d,f}

L
S={f,a,c,e}

Then
I_ US - {a,b,C,d,e,f,g}
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Set operations: Intersection

Set of all elements belonging to both of two given sets:

ANB={x:xe€A andxe B}

Note: We say that two sets are disjoint if their intersection is
empty.

Arthur G. Werschulz
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Set operations: Intersection (examples)

Let
A=1{1,273,4,5}
B=1{0,2,4,6,8}
C=1{0,5,10,15}
Then
ANB=
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Set operations: Intersection (examples)
Let
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Set operations: Intersection (examples)

Let
A=1{1,273,4,5}
B=1{0,2,4,6,8}
C=1{0,5,10,15}
Then
ANB=1{24}
BNA={24)
BN C={0}
(ANB)NC =0
Let
L={egb,d,f}
S={f,a,c,e}
Then
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Set operations: Intersection (examples)

Let
A=1{1,273,4,5}
B=1{0,2,4,6,8}
C=1{0,5,10,15}
Then
ANB=1{24}
BNA={24)
BN C={0}
(ANB)NC =0
Let
L={egb,d,f}
S={f,a,c,e}
Then
LNS ={e,f}

Arthur G. Werschulz 17/31



Set operations: Difference

Set of all elements belonging to one set, but not another:

A-B={x:x€eAandx¢B}
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Set operations: Difference

Set of all elements belonging to one set, but not another:

A-B={x:x€eAandx¢B}

Note that
|A-B[=|A|-|ANB]|
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Set operations: Difference (examples)

Let
A=1{1,23,4,5}
B =10,2,4,6,8}
C =1{0,5,10,15}
Then
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Set operations: Difference (examples)

Let
A=1{1,23,4,5}
B =10,2,4,6,8}
C =1{0,5,10,15}
Then
A-B={1,3,5}
B-A=
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Set operations: Difference (examples)

Let
A=1{1,23,4,5}
B =10,2,4,6,8}
C =1{0,5,10,15}
Then
A-B={1,3,5}
B-A={0,6,8}
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Set operations: Difference (examples)

Let
A=1{1,23,4,5}
B =10,2,4,6,8}
C =1{0,5,10,15}
Then
A-B={1,3,5}
B-A={0,6,8}
B-C=1{2,4,6,8}
C-B=
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Set operations: Difference (examples)

Let
={1,2,3,4,5}

=1{0,2,4,6,8)
=1{0,5,10,15)

0O ™ >

Then
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Set operations: Difference (examples)

Let
{1,2,3,4,5}

A=
B =1{0,2,4,6,8}
Cc =1{0,5,10,15}

Then

A-B={1,3,5)
B-A=1{0,6,8)
B-C=1{24,6,8)
C-B=1{5,10,15)
(A-B)N(B-A)=10 (Are you surprised by this?)
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Set operations: Complement

Set of all elements (of the universal set) that do not belong to a
given set:

A'=U-A.
Venn diagrams dealing with complements generally use a
surrounding rectangle to indicate the universal set U:

If U and A are finite sets, then
|A'| = U - Al =|U|-A].
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Set operations: Complement (examples)

o Let

U = {red, orange, yellow, green, blue, indigo, violet}
P

= {red, green, blue}

Then
P =
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@ Let E and O respectively denote the sets of even and odd
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Set operations: Complement (examples)

o Let

U = {red, orange, yellow, green, blue, indigo, violet}
P

= {red, green, blue}

Then
P = {orange, yellow, indigo, violet}

@ Let E and O respectively denote the sets of even and odd
integers. Suppose that our universal set is Z. Then

E'=0
O'=E

Arthur G. Werschulz 21/31



Set operations: Power Set

Set of all subsets of a given set

Be Z(A)ifandonlyif BC A
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Be Z(A)ifandonlyif BC A

2(0) = (0)
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Set operations: Power Set

Set of all subsets of a given set

Be Z(A)ifandonlyif BC A

2(0)
Z({a})
Z({a, b})

{0}
.12
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Set operations: Power Set

Set of all subsets of a given set

Be Z(A)ifandonlyif BC A

2(0) = (0)
Z({a}) ={0.(a)}
2({a,b}) = {0,1a}, {b}, {2, b}}
P(la,b,c}) =
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Set operations: Power Set

Set of all subsets of a given set

Be Z(A)ifandonlyif BC A

2(0) = {0}
Z({a}) ={0.(a)}
2({a,b}) = {0,1a}, {b}, {2, b}}
P({a,b,c}) ={0,{a), (b}, {c}.{a, b}, {a, ¢}, {b, ¢}, {a, b, c}}
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Set operations: Power Set

Set of all subsets of a given set

Be Z(A)ifandonlyif BC A

2(0) = (0}
Z({a}) ={0.(a)}
2({a,b}) = {0,1a}, {b}, {2, b}}
Z({a,b,c))={0.{a). (b}, (e}, {a,b).a,c}, b, e}, {a, b, cl}

How many elements does &(A) have?
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Set operations: Power Set

Set of all subsets of a given set

Be Z(A)ifandonlyif BC A

2(0) = (0}
Z({a)) =1{0.(a }
P({a, b)) = { },{b},{a, b} }

Z({a,b,c}) ={0,a), (b}, {c}.{a, b}, {a, c}, {b, c}, {a, b, c}

How many elements does &(A) have?

|2(A) =21,

if |A| = n, then |Z(A)| = 2".

Arthur G. Werschulz 22/31



Some basic laws of set theory

Here, U is a universal set, with A,B,C,S C U.

Name Law
Identity SnUu=S
Identity sup=s

Complement SNS'=0
Complement Sus’'=U
Double Complement (S"Y =S
Idempotent SNsS=S
Idempotent SuS=S
Commutative ANB=BNA
Commutative AUB=BUA
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Some basic laws of set theory (cont’d)

Once again, U is a universal set, with A,B,C,S C U.

Name

Law

Associative
Associative
Distributive
Distributive
DeMorgan
DeMorgan
Equality
Transitive

(ANB)NC=ANn(BNC)
(AUB)UC=AU(BUC)
AN(BUC)=(ANB)U(ANC)
AU(BNC)=(AUB)N(AUC)
(ANB) =A"UB’

(AUB) =A"NnB’
A=Bifandonlyif ACBandBCA
ifACBandBCC,thenACC

Arthur G. Werschulz 24/31



Set operations: Cartesian Product

@ Ordered pair: Pair of items, in which order matters.
° (1,2)
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Set operations: Cartesian Product

@ Ordered pair: Pair of items, in which order matters.

e (1,2)...not the same thing as (2,1)
o (red,blue)
o (1,green)

e Cartesian product (also known as set product): Set of all
ordered pairs from two given sets, i.e.,

AxB={(x,y)|x€Aandy e B}

Arthur G. Werschulz 25/31



Set operations: Cartesian Product (examples)

Let
A=1{1,23}
B ={a,b,c}
C={-1,5},

Then...

AxB=
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Let
A=1{1,23}
B ={a,b,c}
C={-1,5},
Then...

AxB={(1,a),(1,b),(1,¢c),(2,a),(2,b),(2,¢),(3,2),(3,b),(3,¢)}

{(1,a) (1
BxA={(a1),(a2),(a3),(b,1),(b,2),(b,3)(c1)(c2),(c3)}
CxA={(-1,1),(-1,2),(-1,3),(51),(52),(53)}
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Set operations: Cartesian Product (examples)

Let

A=1{1,23}

B ={a,b,c}

C={-1,5},
Then...
AxB={(1,a),(1,b),(1,¢c),(2,a),(2,b),(2,¢),(3,2),(3,b),(3,¢)}
BxA={(a1),(a2),(a3),(b,1),(b,2),(b,3)(c1)(c2),(c3)}

1

CxA={(-1,1),(-1,2),(-1,3),(51),(52),(53)}
BxC=

Arthur G. Werschulz




Set operations: Cartesian Product (examples)

Let

A=1{1,23}

B ={a,b,c}

C={-1,5},
Then
AxB={(1,a),(1,b),(1,¢c),(2,a),(2,b),(2,¢),(3,2),(3,b),(3,¢)}
BxA={(a1),(a2),(a3),(b,1),(b,2),(b,3)(c1)(c2),(c3)}
CxA={(-1,1),(-1,2),(-1,3),(51),(52),(53)}
BxC={(a,-1),(a,5),(b,-1),(b,5),(c,-1),(c,5)}

Note the following:
@ AxB=#BxA (unless A =B)
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Set operations: Cartesian Product (examples)

Let

A=1{1,23}

B ={a,b,c}

C={-1,5},
Then
AxB={(1,a),(1,b),(1,¢c),(2,a),(2,b),(2,¢),(3,2),(3,b),(3,¢)}
BxA={(a1),(a2),(a3),(b,1),(b,2),(b,3)(c1)(c2),(c3)}
CxA={(-1,1),(-1,2),(-1,3),(51),(52),(53)}
BxC={(a,-1),(a,5),(b,-1),(b,5),(c,-1),(c,5)}

Note the following:
@ AxB=#BxA (unless A =B)
e |AxB|=|A|-|B] (that’s why it’s called “product”).

Arthur G. Werschulz 26/31



Principle of Inclusion/Exclusion

Suppose you run a fast-food restaurant. After doing a survey,
you find that

@ 25 people like ketchup on their hamburgers,
@ 35 people like pickles on their hamburgers,

@ 15 people like both ketchup and pickles on their
hamburgers.
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@ 15 people like both ketchup and pickles on their
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Let K = {people who like ketchup} and
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Principle of Inclusion/Exclusion

Suppose you run a fast-food restaurant. After doing a survey,
you find that

@ 25 people like ketchup on their hamburgers,
@ 35 people like pickles on their hamburgers,

@ 15 people like both ketchup and pickles on their
hamburgers.
How many people like either ketchup or pickles (maybe both)
on their hamburgers?
Let K = {people who like ketchup} and
P = {people who like pickles}. Then

K|=25 |P|=35 |KNP|=15.
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Principle of Inclusion/Exclusion
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Principle of Inclusion/Exclusion

Since we don’t want to count K N P twice, we have

IKUP|=I|K|+|P|-|KNP|=25+35-15=45.
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Set operations: cardinalities of union and intersection

@ Inclusion/exclusion principle:

|JAUB|=
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Set operations: cardinalities of union and intersection

@ Inclusion/exclusion principle:

|JAUB|=|A|+|B|-|ANB]
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Set operations: cardinalities of union and intersection

@ Inclusion/exclusion principle:

|JAUB|=|A|+|B|-|ANB]

e If A and B are disjoint, then
|JAUB| = |Al+|B|
@ See the example that animates this concept.

@ What about three sets (hamburger eaters who like
ketchup, pickles, and tomatoes)?
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Principle of Inclusion/Exclusion

For three sets:

¢

JAUBUC|=
|A|+|B|+|C|-]ANB|-]ANC|-|BNC|+|ANBNC|.
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Principle of Inclusion/Exclusion

Let K, P, T represent the sets of people who like ketchup,
pickles, and tomatoes on their hamburgers. Suppose that

K|=20 |P|=30 |T|=45
IKNP|=10 |KNT|=12 |PNT|=13
IKNPNT|=8.
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Principle of Inclusion/Exclusion

Let K, P, T represent the sets of people who like ketchup,
pickles, and tomatoes on their hamburgers. Suppose that

K|=20 |P|=30 |T|=45
IKNP|=10 |KNT|=12 |PNT|=13
IKNPNT|=8.

Then

IKUPUT|=I|K|+|P|+|T|-
[KNP|—-|KNT|=|PNT|+
IKNPNT|
=204+30+45-10-12-13+8
=68
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