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Discriminative classifiers:
Logistic Regression, SVMs

CISC 5800
Professor Daniel Leeds

Maximum A Posteriori: a quick review
« Likelihood:P(D|6) = P(D|p) = p!HI(1 — p)I!
« Prior: _ota-ef _prta-pft
Prior: P(8) = Bas P(p) =
« Posterior Likelihood x prior = P(D|6)P(6)

* MAP estimate:
argmaxlog P(D|6) + log P(6)
[)
argmaxlog P(D|p) + log P(p)
P B [H| + (e — 1)
THI+@-D+I[TI+B-1D

P

Choose a and 8 to give the
prior belief of Heads bias

B(a.) pelo1]

Higher a: Heads more likely
Higher B: Tails more likely

Estimate each P(X;|Y) through MAP

Incorporating prior for each class 5;

#D(X; = i, \Y = y) + (B;=1)
#D(Y =yj) + Zm(Bm — 1)
#D(Y =y;) + (B—1)
D] + Em(Bm — 1)
Note: both X and Y can take

on multiple values (binary
and beyond)

P(X;=x|Y =y;) =
P(y =y;) =

(Bj—1) - “frequency” of class
Y m(Bm — 1) — “frequencies” of all classes

Classification strategy:
generative vs. discriminative

* Generative, e.g., Bayes/Naive Bayes:
« Identify probability distribution for each class
+ Determine class with maximum probability for data example

« Discriminative, e.g., Logistic Regression:
« Identify boundary between classes
+ Determine which side of boundary new data example exists on

b %% %

Sx :ﬁ xxlS 7x20

Linear algebra: data features

Document 1 Document 2 Document 3

* Vector — list of numbers: Wolf | 12 8 0
each number describes "'l 1° 1 2

Monkey 14 ok 1

a data feature Broker 5 ; -

Analyst 1 0 10

Dividend 1 1 12

* Matrix — list of lists of numbers:
features for each data
point

Feature space

« Each data feature defines a dimension in space

Documentl Document2 Document3

Wolf| 12 8 0 %
Lion 16 10 2 - docl
Monkey 14 11 1 2 f
2
Broker 0 1 14 10 oc
Analyst 1 0 10
ividend 1 1 12 Y
. T : T 0 10 20
wolf
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The dot product
The dot product compares two vectors:
a; by
.a:[s],b:[s]
an by,

» [150]~[}g]:5x10+10x10

a-b=3",a;b; =a’b

=50+100 =150

The dot product, continued @b =Zaibi
i=1

Magnitude of a vector is the sum of the squares of the elements

Ial=ﬁ

If @ has unit magnitude, a - b is the “projection” of b onto a

[0.71

0.71] . [1i5] =71x15+.71x 1

~1.07+.71 =178

[().71

071] . [0(.]5] =71%x0+.71%05

~0+.35=0.35

Separating boundary, defined by w

X * Separating hyperplane
X splits class 0 and class 1

* Plane is defined by line w

X perpendicular to plan

* Is data point x in class 0 or
class 1? w'x > 0 class O
w'x<0class 1

. ) MOre
Separating boundary, defined by w typl.
C,g//

x * Separating hyperplane
X splits class 0 and class 1

X

* Plane is defined by line w

X perpendicular to plan

X * Is data point x in class 0 or
class 1? w'x > O class 1
w'x < 0class 0

From real-number projection to 0/1 label

« Binary classification: 0 is class A, 1 is class B
« Sigmoid function stands in for p(x|y)

gh)
- Sigmoid: g(h) = —— 0s
T
. = . =1— T = ew
Py =0lx;6) =1 - g(w'x) 1+e-wx % 5 o s 10 h
PO =1l6) = 9w =

Ty = X
w x—Zw,x,
J

Learning parameters for classification

« Similar to MLE for Bayes classifier

* “Likelihood” for data points y%, ..., y" (different from Bayesian likelihood)
< If y'in class A, y' =0, multiply (1-g(x;w))
« If y'in class B, y'=1, multiply (g(x;w))

argmax L(y|x;w) = 1_[ (1 - g(xi; w))(liyl) g(xi;w)yl
LGl w) = Y (1= y)log (1 - g(x'w)) + ' log (g(x'sw))

g(xt;w)

LLOLxw) = Zyilogl —g(xiw) + log(l —g(xi;w))
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Learning parameters for classification 1

T 14eh

M +log (1 - g(xi; w))

LL(ylx; =Z it -
lxw) iy Dgl—g(x‘;w)

1
ap— e~wTx!
LL(y\x;w):Zy‘lug 1te u{x +10g( )
7 1
T

1 14 e
14w

1 e
LL(ylx;w) = z yHlog g\ T
7

LL(ylx;w) = Zy‘wrxi —w’ xt — log (1 + e’WT"i)

T _E
wix = W;X;j
j
—h

Learning parameters for classification

e
L NI =
LL(ylx;w) = 3 y'wTxl —wT xt + log(g(wa‘)) A+e™
a - . x]-ie‘WT"i
a—WjLL(ylx;w) = Zy‘x; —x+ Towist

2 . _
Ty LOT5) = D iy = 1= (1= 9 "x))

) o ,
a—WjLL(ny;w) = ZX}(y’ —gw'xh)

i

y' — true data label
g(w'xi) — computed data
label

Iterative gradient asscent

 Begin with initial guessed weights w
* For each data point (y',x), update each weight w;

W« wj+ sx}‘i(yi - g(wai))

« Choose ¢ so change is not too big or too small — “step size”
Intuition

P i
EACARTCEED))

* If y’=1 and g(w'x/)=0, and x>0, make w; larger and push w'x! to be larger

* If y'=0 and g(w'x/)=1, and x>0, make w; smaller and push w'x'to be smaller

MAP for discriminative classifier
* MLE: P(y=1|x;w) ~ g(w'x)

* MAP: P(y=1,w|x) o< P(y=1|x;w) P(w) ~ g(w'x) ???
(different from Bayesian posterior)

* P(w) priors
* L2 regularization — minimize all weights
L1 regularization — minimize number of non-zero weights

p(x)

MAP — L2 regularization

w

* P(y=1,w|x) &< P(y=1|x;w) P(w):

_yi i w?
Lly,wlx) = l_[(l —.g(x":w))(1 Y )g(x":w)yl ne’zi

i J 2
w
— iy Tord T o T i) _ J
LL(y,w|x) = E ywTxt —w x‘+log(g(w x')) e
a ' w
- i(yi_ T, iy) _ )
Ty LI E 5y - gwxh) -
13

Separating boundary, defined by w

* Separating hyperplane
X
X splits class 0 and class 1

X
X X

* Plane is defined by line w

X perpendicular to plan

* Is data point x in class 0 or
X[ x class 1? w'x > O class 1
w'x < 0class 0
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But, where do we place the boundary? Max margin classifiers
Logistic regression: + Focus on boundary points
3 X % X x
"~ LL(ylx; w): * Find largest margin between boundary
X P Z(yi — 1wl — log(l + e-wa‘) 3¢ Pointson both sides
i

*  Works well in practice

« Each data point x’ considered for
/Q(D * We can call the boundary points
“support vectors”

SN x boundary w

« Outlier data pulls boundary towards it

Maximum margin definitions A derivation
M/ \ Classify as +1 if wix + b > 1 M/ \ ewlx +b=-1
\ wix+b=1 Classifyas-1 ifwx +b < —1 \ wix+b=1 swlxt +b=+1
\ wix+b=0 Undefinedif =1 < w'x+b <1 \ wix+b=0 X =w+x"
wix+b=-1 wix+b=-1

* M is the margin width swlx* +b=+1
* x*is a +1 point closest to boundary, wl(Aw+x7)+b=+1
x is a -1 point closest to boundary cwTw+wlx +b=+1

ext = Aw+x" caw'w—1-b+b=+1

2
clxt—x"|=M A=
M derivation Support vector machine (SVM) optimization
M/ \ wix”+b=-1 * max, M = ——
wiw
\ wix+b=1 swlix* +b=+1
\ wix+b=0 X' =Aw+x" min, wTw
Wixib=—1 °lX*—x7I=M subject to
wix+b=>1 forxinclass 1
eM=|w+x —x| =|Aw| = A|w| wix+b<-1 forxinclass-1
*M=WwTw
2
CM=Cmvwiw ===
maximize M minimize wTw
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Support vector machine (SVM) optimization
with slack variables

What if data not linearly separable?

min, wTw + CY; &
subject to

wix+b<-1+g  forxinclass-1

Alternate SVM formulation

® X x w= Z‘lixi}’i

® @ X Support vectors x; have a; > 0

® ® y; are the data labels +1 or -1

@ To classify sample x;, compute:
wix;+b = Z a;yixix; +b

i

Classifying with additional dimensions

Mapping function(s)

* Map from low-dimensional space x = (x4, x,) to higher dimensional

« Estimate high-dimensional dot product with function
* K(x %) = p(xdo(x)

2
*Eg., K(xi,xj) = exp (— M)

202

No linear Linear separator space @(x) = (1, X, X2, %2, %, %,)
separator X
(p(x) * N data points guaranteed to be separable in space of N-1 dimensions
or more
—
x w = Z a;p(x)y;
i
X Classifying x;:
L ——w-%— > ayigCo(y) + b
7
Kernels
Classifying x;:
Z ayipG)e(x) + b
i
Kernel trick:




